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1. Introduction
Let (Ω,Σ, µ) be a measure space consisting of a set Ω , a σ -algebra of subsets of Ω denoted by Σ and µ, a countably
additive and positive measure on Σ with values in R ∪ {∞}. Denote by L2w (Ω,K) (K = C,R) the Hilbert space of all
K-valued functions f defined onΩ that are 2−w-integrable onΩ , i.e., ∫
Ω
w(x) |f (x)|2 dµ(x) <∞, wherew : Ω → [0,∞)
is a given µ-measurable function onΩ .
In recent years, a number of complex-valued extensions of the celebrated results due to [1] (see also [2, p. 93]),
Cassels [3,2, p. 91] and [4] (see also [2, p. 104]) have been obtained. These provide reverses of the CBS-inequality. Amongst
these, there is the following:
Suppose γ ,Γ ∈ K (K = C,R) and f , g ∈ L2w (Ω,K) such that either∫
Ω
Re
[
(Γ g (x)− f (x))
(
f (x)− γ · g(x)
)]
w(x) dµ(x) ≥ 0 (1.1)
or, equivalently,∫
Ω
w(x)
∣∣∣∣f (x)− γ + Γ2
∣∣∣∣2 dµ(x) ≤ 14 |Γ − γ |2
∫
Ω
w(x) |g(x)|2 dµ(x) (1.2)
hold; then [5] (see also [6, p. 7]),
(0 ≤)
∫
Ω
w(x) |f (x)|2 dµ(x)−
∫
Ω
w(x) |g(x)|2 dµ(x)−
∣∣∣∣∫
Ω
w(x)g(x) dµ(x)
∣∣∣∣2
≤ 1
4
|Γ − γ |2
(∫
Ω
w(x) |g(x)|2 dµ(x)
)2
. (1.3)
The constant 14 is the best possible in (1.3).
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Notice that a sufficient condition for either (1.1) or (1.3) to hold is that
Re
[
(Γ g(x)− f (x))
(
f (x)− γ · g(x)
)]
≥ 0 for µ-a.e. x ∈ Ω. (1.4)
With the same assumptions for γ ,Γ , f , g and if Re (Γ γ¯ ) > 0, then [7] (see also [6, p. 27]),
(0 ≤)
∫
Ω
w(x) |f (x)|2 dµ(x) ·
∫
Ω
w(x) |g(x)|2 dµ(x)−
∣∣∣∣∫
Ω
w(x)g(x) dµ(x)
∣∣∣∣2
≤ 1
4
· |Γ − γ |
2
Re (Γ γ¯ )
∣∣∣∣∫
Ω
w(x)g(x) dµ(x)
∣∣∣∣2 . (1.5)
Here the constant 14 is also the best possible.
Finally, if γ ,Γ , f , g satisfy either (1.1) or, equivalently, (1.2) and Γ 6= −γ , then [8] (see also [6, p. 32]),
(0 ≤)
[∫
Ω
w(x) |f (x)|2 dµ(x) ·
∫
Ω
w(x) |g(x)|2 dµ(x)
] 1
2 −
∣∣∣∣∫
Ω
w(x)g(x) dµ(x)
∣∣∣∣
≤ 1
4
· |Γ − γ |
2
|Γ + γ |
∫
Ω
w(x) |g(x)|2 dµ(x). (1.6)
The constant 14 is again the best possible in (1.6).
We notice that, if f and g are real-valued functions and Γ = M > m = γ > 0, then a sufficient condition for (1.1) to
hold is that
mg(x) ≤ f (x) ≤ Mg(x) for µ-a.e. x ∈ Ω. (1.7)
In this case the inequalities (1.3), (1.5) and (1.6) hold withM,m instead of Γ , γ .
When µ is the discrete measure on Ω = {1, . . . , n}, then the corresponding discrete inequalities for complex (real)
numbers can be stated as well (see [6]). The details are omitted.
The main aim of this present work is to establish other inequalities related to the CBS-inequality under different
assumptions of boundedness for the functions involved.
2. The results
The following result holds, that provides an upper and a lower bound for the nonnegative quantity:∫
Ω
|f (x)|2w(x) dµ(x) ·
∫
Ω
|g (x)|2w(x) dµ(x)−
[∫
Ω
|f (x) d(x)|w(x) dµ(x)
]2
. (2.1)
Theorem 1. Assume that the functions f , g : Ω → K, w : Ω → [0,∞) (K = C,R) are Lebesgue µ-measurable on Ω and
such that |f |2w, |g|2w,
∣∣∣ fg ∣∣∣w, ∣∣∣ gf ∣∣∣w and w are also Lebesgue µ-integrable on Ω . If there exist constants 0 < m < M < ∞
such that
m ≤ |f (x)g(x)| ≤ M for µ-a.e. x ∈ Ω, (2.2)
then we have the double inequalities
(0 ≤)m2
[∫
Ω
∣∣∣∣ f (x)g(x)
∣∣∣∣w(x) dµ(x) ∫
Ω
∣∣∣∣g(x)f (x)
∣∣∣∣w(x) dµ(x)− (∫
Ω
w(x) dµ(x)
)2]
≤
∫
Ω
|f (x)|2w(x) dµ(x) ·
∫
Ω
|g(x)|2w(x) dµ(x)−
[∫
Ω
|f (x)g(x)|w(x) dµ(x)
]2
≤ M2
[∫
Ω
∣∣∣∣ f (x)g(x)
∣∣∣∣w(x) dµ(x) ∫
Ω
∣∣∣∣g(x)f (x)
∣∣∣∣w(x) dµ(x)− (∫
Ω
w(x) dµ(x)
)2]
. (2.3)
Proof. We use the following elementary identity:
u2 + v2
2
− uv = 1
2
uv
(√
u
v
−
√
v
u
)2
1010 N.S. Barnett et al. / Applied Mathematics Letters 23 (2010) 1008–1012
that holds for any u, v > 0 to write
|f (x)|2 |g (y)|2 + |f (y)|2 |g(x)|2
2
− |f (x) g(x)| |f (y) g (y)|
= 1
2
|f (x)g(x)| |f (y) g (y)|
(√∣∣∣∣ f (x)g(x)
∣∣∣∣ · ∣∣∣∣g (y)f (y)
∣∣∣∣−
√∣∣∣∣ f (y)g (y)
∣∣∣∣ · ∣∣∣∣g(x)f (x)
∣∣∣∣
)2
, (2.4)
for µ-a.e. x, y ∈ Ω .
Since(√∣∣∣∣ f (x)g(x)
∣∣∣∣ · ∣∣∣∣g (y)f (y)
∣∣∣∣−
√∣∣∣∣ f (y)g (y)
∣∣∣∣ · ∣∣∣∣g(x)f (x)
∣∣∣∣
)2
=
∣∣∣∣ f (x)g(x)
∣∣∣∣ · ∣∣∣∣g (y)f (y)
∣∣∣∣+ ∣∣∣∣ f (y)g (y)
∣∣∣∣ · ∣∣∣∣g(x)f (x)
∣∣∣∣− 2
and 0 < m ≤ |f (x)g(x)| ≤ M <∞ for µ-a.e. x ∈ Ω , then we get, from (2.4), the double inequality
1
2
m2
(∣∣∣∣ f (x)g (x)
∣∣∣∣ · ∣∣∣∣g (y)f (y)
∣∣∣∣+ ∣∣∣∣ f (y)g (y)
∣∣∣∣ · ∣∣∣∣g(x)f (x)
∣∣∣∣− 2) ≤ |f (x)|2 |g (y)|2 + |f (y)|2 |g(x)|22 − |f (x)g(x)| · |f (y) g (y)|
≤ 1
2
M2
(∣∣∣∣ f (x)g (x)
∣∣∣∣ · ∣∣∣∣g (y)f (y)
∣∣∣∣+ ∣∣∣∣ f (y)g (y)
∣∣∣∣ · ∣∣∣∣g(x)f (x)
∣∣∣∣− 2) (2.5)
for µ-a.e. x, y ∈ Ω .
Now, if we multiply (2.5) byw(x)w (y) ≥ 0 and integrate over x and y, we deduce
1
2
m2
(∫
Ω
∣∣∣∣ f (x)g(x)
∣∣∣∣w(x) dµ(x) · ∫
Ω
∣∣∣∣g (y)f (y)
∣∣∣∣w (y) dµ (y)+ ∫
Ω
∣∣∣∣ f (y)g (y)
∣∣∣∣w (y) dµ (y)
×
∫
Ω
∣∣∣∣g(x)f (x)
∣∣∣∣w(x) dµ(x)− 2 ∫
Ω
w(x) dµ(x)
∫
Ω
w (y) dµ (y)
)
≤ 1
2
[∫
Ω
|f (x)|2w(x) dµ(x) ·
∫
Ω
|g (y)|2w (y) dµ (y)+
∫
Ω
|f (y)|2w (y) dµ (y)
∫
Ω
|g(x)|2w(x) dµ (x)
]
−
∫
Ω
|f (x)g(x)|w(x) dµ(x)
∫
Ω
|f (y) g (y)|w (y) dµ (y)
≤ 1
2
M2
(∫
Ω
∣∣∣∣ f (x)g(x)
∣∣∣∣w(x) dµ (x) · ∫
Ω
∣∣∣∣g (y)f (y)
∣∣∣∣w (y) dµ (y)+ ∫
Ω
∣∣∣∣ f (y)g (y)
∣∣∣∣w(x) dµ(x)
×
∫
Ω
∣∣∣∣g(x)f (x)
∣∣∣∣w(x) dµ(x)− 2 ∫
Ω
w(x) dµ(x)
∫
Ω
w (y) dµ (y)
)
,
which is clearly equivalent to (2.3).
In order to obtain a perhaps more convenient upper bound for the Cauchy–Bunyakovsky–Schwarz difference (2.1), we
use the following Cassels type result (see for instance [6, p. 27]):
Ifw is as above and k, l : Ω → K are Lebesgue µ-measurable,w |h|2 , w |l|2 are Lebesgue µ-integrable onΩ and
0 < ϕ ≤
∣∣∣∣h(x)l(x)
∣∣∣∣ ≤ φ <∞ for µ-a.e. x ∈ Ω, (2.6)
where ϕ, φ are constants, then (see also (1.5)),
0 <
∫
Ω
w(x) |h(x)|2 dµ(x)
∫
Ω
w(x) |l (x)|2 dµ(x)−
(∫
Ω
w(x) |h(x)l(x)| dµ(x)
)2
≤ 1
4
· (ϕ − φ)
2
φϕ
(∫
Ω
w(x) |h(x)l(x)| dµ(x)
)2
. (2.7)
The following corollary holds.
Corollary 1. Assume that f , g, w are as in Theorem 1 and that there exists a constant M > 0 such that |f (x)g(x)| ≤ M for
µ-a.e. x ∈ Ω . If, in addition, there exist constants 0 < n < N <∞ such that
n ≤
∣∣∣∣ f (x)g(x)
∣∣∣∣ ≤ N for µ-a.e. x ∈ Ω, (2.8)
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then ∫
Ω
|f (x)|2w(x) dµ(x) ·
∫
Ω
|g(x)|2w(x) dµ(x)−
[∫
Ω
|f (x)g(x)|w(x) dµ(x)
]2
≤ 1
4
M2 · (N − n)
2
nN
·
∫
Ω
w(x) dµ(x). (2.9)
Proof. We apply the inequality (2.7) for h =
√∣∣∣ fg ∣∣∣, l = √∣∣∣ gf ∣∣∣. Due to assumption (2.8), we have √n ≤ h(x) ≤ √N and
1√
N
≤ l(x) ≤ 1√n forµ-a.e. x ∈ Ω , which shows that ϕ = n ≤ h(x)l(x) ≤ N = φ forµ-a.e. x ∈ Ω . We then have (ϕ−φ)
2
φϕ
= (N−n)2nN
and, by (2.7),∫
Ω
w(x)
∣∣∣∣ f (x)g (x)
∣∣∣∣ dµ(x) · ∫
Ω
w (x)
∣∣∣∣g(x)f (x)
∣∣∣∣ dµ(x)− (∫
Ω
w(x) dµ (x)
)2
≤ 1
4
(N − n)2
nN
·
∫
Ω
w(x) dµ(x),
which, together with the second inequality in (2.3), provides the desired result (2.9).
Now, on utilizing the inequality (1.3), we can also state the following inequality for two functions h and l satisfying (2.6):
(0 ≤)
∫
Ω
w(x) |h(x)|2 dµ(x)
∫
Ω
w(x) |l(x)|2 dµ(x)−
(∫
Ω
w(x) |h (x) l(x)| dµ(x)
)2
≤ 1
4
(ϕ − φ)2
∫
Ω
w (x) |l(x)|2 dµ(x). (2.10)
Corollary 2. With the assumptions of Corollary 1, we have∫
Ω
|f (x)|2w(x) dµ(x) ·
∫
Ω
|g(x)|2w(x) dµ(x)−
[∫
Ω
|f (x)g(x)| dµ (x)
]2
≤ 1
4
M2 (N − n)2 ·
∫
Ω
w (x)
∣∣∣∣g(x)f (x)
∣∣∣∣2 dµ(x). (2.11)
3. Applications for n-tuples of complex numbers
On choosing the discrete measure in Theorem 1, we can state the following result for complex numbers.
Proposition 1. Let x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Cn and p = (p1, . . . , pn) be a probability sequence, i.e., pi ≥ 0, i ∈
{1, . . . , n} and∑ni=1 pi = 1. If there exist constants 0 < m < M <∞ such that
m ≤ |xiyi| ≤ M, i ∈ {1, . . . , n} , (3.1)
then
m2
[
n∑
i=1
pi
∣∣∣∣ xiyi
∣∣∣∣ n∑
i=1
pi
∣∣∣∣yixi
∣∣∣∣− 1
]
≤
n∑
i=1
pi |xi|2
n∑
i=1
pi |yi|2 −
(
n∑
i=1
pi |xiyi|
)2
≤ M2
[
n∑
i=1
pi
∣∣∣∣ xiyi
∣∣∣∣ n∑
i=1
pi
∣∣∣∣yixi
∣∣∣∣− 1
]
. (3.2)
In addition, if the second inequality in (3.1) is satisfied and if there exist constants 0 < d < D <∞ such that
d ≤
∣∣∣∣ xiyi
∣∣∣∣ ≤ D for s ∈ {1, . . . , n} , (3.3)
then
n∑
i=1
pi |xi|2
n∑
i=1
pi |yi|2 −
(
n∑
i=1
pi |xiyi|
)2
≤ 1
4
M2 · (D− d)
2
dD
, (3.4)
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and
n∑
i=1
pi |xi|2
n∑
i=1
pi |yi|2 −
(
n∑
i=1
pi |xiyi|
)2
≤ 1
4
M2 (D− d)2 ·
n∑
i=1
pi
∣∣∣∣yixi
∣∣∣∣ , (3.5)
respectively.
References
[1] G. Pólya, G. Szegö, Problems and Theorems in Analysis, in: Series, Integral Calculus, Theory of Functions, vol. 1, Springer-Verlag, New York, 1972.
[2] S.S. Dragomir, Discrete Inequalities of the Cauchy–Bunyakovsky–Schwarz Type, Nova Science Publishers, New York, 2004.
[3] G.S. Watson, Serial correlation in regression analysis, I, Biometrika 42 (1955) 327–341.
[4] O. Shisha, B. Mond, Bounds on Differences of Means, Inequalities, Academic Press Inc., NY, 1967, pp. 293–308.
[5] S.S. Dragomir, A counterpart of Schwarz’s inequality in inner product spaces, East Asian Math. J. 20 (1) (2004) 1–10. Preprint RGMIA Res. Rep. Coll., 6
(2003), Supplement, Article 18. http://rgmia.vu.edu.au/v6(E).html.
[6] S.S. Dragomir, Advances in Inequalities of the Schwarz, Grüss and Bessel Type in Inner Product Spaces, Nova Science Publishers Inc., New York, 2005.
[7] S.S. Dragomir, Reverses of Schwarz, Triangle and Bessel inequalities in inner product spaces, J. Inequal. Pure & Appl. Math. 5 (3) (2004) Article 76.
http://jipam.vu.edu.au/article.php?sid=432.
[8] S.S. Dragomir, New reverses of Schwarz, Triangle and Bessel inequalities in inner product spaces, Austral. J. Math. Anal. Appl. 1 (1) (2004) Article 1.
http://ajmaa.org/index.php.
